Abstract: We prove explicitly that the general D = 3, N = 4 Chern-Simons-matter (CSM) theory has a complete OSp(4|4) superconformal symmetry, and construct the corresponding conserved currents. We re-derive the OSp(5|4) superconformal currents in the general N = 5 theory as special cases of the OSp(4|4) currents by enhancing the supersymmetry from N = 4 to N = 5. The closure of the full OSp(4|4) superconformal algebra is verified explicitly.
Introduction and Summary
The D = 3, N = 4 Chern-Simons-matter (CSM) theory was first constructed by Gaiotto and Witten (GW) [1] , by choosing the gauge groups carefully so that the N = 1 supersymmetry can be promoted to N = 4. By adding twisted hyper-multiplets into the GW theory, the authors of Ref. [2] have been able to construct an N = 4 Chern-Simons quiver gauge theory.
The N = 4 Chern-Simons quiver gauge theories are natural candidates of the dual gauge theories of multi M2-branes. For instance, the authors of [2] constructed a class of N = 4 theories with the closed loop quiver diagram of gauge groups (see also [3] ):
(1.1) (The above quiver diagram is only a part of the full diagram.) This special class of theories have been conjectured to be the dual gauge theories of multi M2-branes in the orbifold (C 2 /Z p × C 2 /Z q )/Z k [4] . Here p and q are the numbers of the un-twisted and twisted multiplets, respectively; k is the Chern-Simons level. The corresponding gravity duals were studied in Ref. [4] . By the gauge/gravity duality, the general N = 4 theory is expected to have a full OSp(4|4) superconformal symmetry. That is, the theory possesses an N = 4 super Poincare symmetry as well as an N = 4 superconformal symmetry 1 . However, to our knowledge, only the law of the N = 4 super Poincare transformations has been derived in the literature [2] . (For a 3-algebra approach, see [5] .) To fill this gap, in this paper we derive the law of the N = 4 superconformal transformations and verify the action is invariant under these transformations. We also derive the conserved supercurrents associated with the N = 4 super Poincare transformations and the N = 4 superconformal transformations. In other words, we prove that the N = 4 theory possesses a complete OSp(4|4) superconformal symmetry, and derive the full OSp(4|4) superconformal currents.
We also demonstrate that the law of OSp(5|4) superconformal transformations and the OSp(5|4) superconformal currents [6] in the N = 5 CSM theory, can be obtained as special cases of the law of the OSp(4|4) superconformal transformations and the OSp(4|4) currents of the N = 4 theory, by enhancing the SU (2) × SU (2) R-symmetry to U Sp (4) . In our previous work [6] , we have showed that the OSp(6|4) and OSp(8|4) superconformal transformations and currents [7, 8] , associated with the N = 6, 8 theories, respectively, can be derived as the special cases of the OSp(5|4) superconformal transformations and currents 2 . Hence our approach provides a unified framework for all N ≥ 4 CMS theories.
To our best knowledge, so far only the closure of the N = 4 super Poincare algebra of the N = 4 theory has been checked (in the framework of 3-algebra) in the literature [5] . Therefore, it is necessary to verify the closure of the full OSp(4|4) superconformal superalgebra. This is completed in the framework of Lie 2-algebra in Section 4.
The paper is organized as follows. In section 2, we derive the law of N = 4 superconformal transformations and the corresponding conserved currents. In Section 3 we show that the OSp(5|4) superconformal currents can be obtained as special cases of the OSp(4|4) currents. In Section 4, we check the closure of the full OSp(4|4) superalgebra. Our conventions and useful identities are summarized in Appendix A. In Appendix B, we review the general N = 4 theory. In Appendix C, we present the details of the derivation of the N = 4 super Poincare currents.
OSp(4|4) Superconformal Currents
In this section we will construct the N = 4 superconformal currents, and show that the N = 4 theory has a full OSp(4|4) superconformal symmetry. (The N = 4 theory is reviewed in Appendix B, and our conventions are summarized in Appendix A.)
The N = 4 super Poincare currents are derived in Appendix C. They are given by
where (δψ)
are defined via the super Poincare transformations of the fermionic fields δ ǫ ψ a ′ A = (δψ) Ia ′ A ǫ I and δ ǫ ψ aȦ = (δψ) Iȧ A ǫ I (see (B.4)). Here A = 1, 2,Ȧ = 1, 2, and I = 1, . . . , 4 transform in the undotted, dotted, and vector representations of the SU (2) × SU (2) R-symmetry group, respectively; and a = 1, . . . , 2R and a ′ = 1, . . . , 2S transform in two different quaternionic representations of the gauge group. The scalar fields are denoted as Z. The sigma matrices σ I AḂ are defined in Appendix A.2.1.
Without changing the physical content, one can add a conserved total derivative term into the currents:j
with A I µν = −A I νµ , since the improved currents are still conserved, i.e. ∂ µjI µ = 0, and the set of super-charges remain the same:
The γ-trace γ µjI µ measures the violation of scale invariance of the theory [12] . Since the N = 4 theory is invariant under scale transfromations, we expect that γ µjI µ vanishes by choosing an appropriate A I µν . To see this, let us first calculate γ µ j I µ :
This is equivalent to
This equation immediately suggests us to definẽ
As a result, the improved currentsj I µ satisfy γ µjI µ = 0. In other words, Eq. (2.7) suggests us to set A I µν in (2.4) as follows
Notice that A I µν is indeed antisymmetric in µ and ν. Now it is possible to construct the new currents
(2.10)
Using γ µjI µ = 0 and ∂ µjI µ = 0, it is easy to prove that the new currents are also conserved: ∂ µsI µ = 0. The corresponding conserved supercharges are defined as follows:
If we impose the equal-time commutators
, then the superconformal variantion of an arbitrary field Φ can be defined as
Using the above equation and the commutation relations (2.12), one can readily derive the law of N = 4 superconformal transformations (we will prove that [
14)
The set of parameters η AḂ = η I σ I AḂ (I = 1, . . . , 4) obey the reality conditions
We now must prove that N = 4 action (B.4) is invariant under the transformations (2.14). Notice that the N = 4 superconformal transformations (2.14) can be obtained by replacing ǫ I by x · γη I in the N = 4 super Poincare transformations (B.5) and adding the two additional terms
into the transformations of the fermion fields ψ a ′ A and ψ aȦ , respectively. (In a similar way, the N = 6, 8 superconformal transformations can be obtained from the N = 6, 8 super Poincare transformations [7, 8] .) So the superconformal variation of the action can be calculated as follows:
where (δS) ǫ→x·γη is the quantity obtained by replacing ǫ I in δ ǫ S (see (C.1)) by x · γη I , and δ ′ η S is the super variation of the action under the transformations (2.16). A direct calculation gives
Substituting the above equation into (2.17), we find that the action is indeed invariant under the transformations (2.14), i.e.
3 Unifying OSp(4|4) and OSp(5|4) Superconformal Currents
In this section we will demonstrate that the OSp(5|4) superconformal currents, associated with the N = 5 theory, can be derived as special cases of the OSp(4|4) ones by enhancing the SU (2) × SU (2) R-symmetry to U Sp(4). In Ref. [13] , it was showed that if the twisted and untwisted multiplets furnish the same representations of the gauge group, i.e. if τ m ab = τ m a ′ b ′ , the N = 4 supersymmetry will be enhanced to N = 5 automatically. Specifically, if
it is possible to embed the SU (2) × SU (2) R-symmetry group into U Sp(4) by combining the N = 4 twisted and untwisted multiplets to form the N = 5 multiplets:
In the left hand sides of the above equations, A = 1, . . . , 4 transforms in the fundamental representation of U Sp(4), while in the right hand sides, A = 1, 2 andȦ = 1, 2 transform in the undotted and dotted representations of SU (2) × SU (2). We hope this will not cause any confusion. In terms of these N = 5 fields, the reality conditions (B.1) becomē
where the antisymmetric tensor ω AB of U Sp(4) is defined as the charge conjugate matrix (see Appendix A.2.2):
In the RHS, A, B,Ȧ, andḂ run from 1 to 2. Using (3.1)−(3.4), the authors of Ref. [13] have been able to promote the N = 4 Lagrangian (B.4) to the manifestly U Sp(4)-invariant N = 5 Lagrangian:
The "momentum map" and "current" operators are defined as
The N = 5 action is invariant under the U Sp(4) R-symmetry transformations 
(See Appendix A.2.2.) However, due to the U Sp(4) R-symmetry, there is a fifth conserved supercurrent. To see this, let consider for example the fourth supercurrentj 4 µ . Under the U Sp(4) R-symmetry transformations (3.7), it becomes (5) matrices. Since the action (3.5) is manifestly U Sp(4)-invariant, the transformed forth supercurrent must be conserved as well:
This implies that
Combining (3.14) and (3.12) gives can be derived from the N = 4 superconformal currents. In summary, our approach provides a unified framework for constructing the OSp(4|4) and OSp(5|4) superconformal currents. Furthermore, since the OSp(6|4) and OSp(8|4) superconformal currents of the N = 6 and N = 8 can be derived as the special cases of the OSp(5|4) currents of the N = 5 theory [6] , our approach actually provied a unified framework for constructing all conserved superconformal currents of the N ≥ 4 theories.
Closure of the OSp(4|4) Superconformal algebra
In the literature, only the closure of the super Poincare algebra of the N = 4 Chern-Simons quiver gauge theory has been explicitly checked (in the framework of 3-algebra) [5] . In this section, we will verify the closure of the full OSp(4|4) superconformal superalgebra in the framework of Lie 2-algebra.
We begin by considering the scalar fields of the untwisted multiplets. The commutator of two super Poincare transformations acting on the scalar fields gives [5] 
Here I = 1, . . . , 4 transforms in the fundamental representation of SO (4), and the two SU (2) × SU (2) matrices are defined as follows
The set of SO(4) matrices σ I are defined in Appendix A.2.1. Replacing ǫ I 1 in (4.1) by x · γη I 1 and adding
into the variation of the fermionic fields 4 , we obtain
where
Notice that (4.7) is a gauge covariant equation, which can be simplified to give
The first three lines are the scale, Lorentz, and R-symmetry transformations, respectively: these transformations suggest that δ η is the superconformal transformation. The last line is a gauge transformation. The first line indicates that the dimension of the scalar field is 1 2 , as expected. Similarly, replacing ǫ I 2 in (4.7) by x · γη I 2 and adding
into the variation of the fermionic fields, we obtain
We observe that (4.13) is a gauge covariant equation. One can convert (4.13) into the form
The first line is the standard special conformal variation: this again shows that δ η is indeed the superconformal transformation, as also suggested by Eq. (4.11). (The second line of (4.17) is a gauge transformation.) Let us now consider the gauge fields [5] :
where the second and third lines are the equations of motion (EOM) for the gauge fields. Eq. (4.18) can be written as
Applying the replacement ǫ 1 → x·γη 1 to (4.19), and taking account of Eq. (4.6), we obtain the equation
which can be converted into
with S ρσ the SO(1, 2) matrices:
It can be seen that the first three lines of (4.21) are the scale, Lorentz, and gauge transformations, respectively. From the first line we read off that the dimension of A m µ is 1. We now would like to evaluate [δ η 1 , δ η 2 ]A m µ . To do so, we first rewrite Eq. (4.20) as
Applying the replacement ǫ 2 → x · γη 2 to (4.23), and using Eq. (4.12), we obtain the equation
The first line of (4.25) is indeed the special conformal transformation, while the second line is a gauge transformation. Let us now recall the fermion supersymmetry transformation in Ref. [5] :
are equations of motion for the fermionic fields. Using the same trick for evaluating the scalar and gauge fields, we obtain
Using the Fierz transformations (A.5), one can recast the above equation as
The first three lines are the scale, Lorentz, and R-symmetry transformations, while the fourth line is a gauge transformation. The first line indicates that the dimension of the spinor field is 1. The commutator of two superconformal transformations acting on the fermionic fields gives
The first line is nothing but the special conformal transformation of the fermionic fields, and the second line is a gauge transformation. Also, Eq. (4.30) can recast as the following gauge invariant form:
The transformations of the scalar and spinor fields of the twisted multiplets have similar expressions of that of the untwisted multiplets. First of all, the N = 4 super Poincare algebra is closed (on-shell) on the twisted multiplets [5] :
, and the equations of motion for the spinor fields are given by
Secondly, taking advantage of the strategy for calculating the transformations of the fields of the untwisted multiplets, we find that the rest of the OSp(4|4) superalgebra is also closed (on-shell) on the scalar and fermionic fields of the twisted multiplets:
and
(4.38)
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A Conventions and Useful Identities
The conventions and identities of this appendix are adopted from Ref. [6] .
A.1 Spinor Algebra
In 1 + 2 dimensions, the gamma matrices are defined as
For the metric we use the (−, +, +) convention. The gamma matrices in the Majorana representation can be defined in terms of Pauli matrices: (γ µ ) α β = (iσ 2 , σ 1 , σ 3 ), satisfying the important identity
We also define ε µνλ = −ε µνλ . So ε µνλ ε ρνλ = −2δ µ ρ . We raise and lower spinor indices with an antisymmetric matrix ǫ αβ = −ǫ αβ , with ǫ 12 = −1. For example, ψ α = ǫ αβ ψ β and γ µ αβ = ǫ βγ (γ µ ) α γ , where ψ β is a Majorana spinor. Notice that γ µ αβ = (I, −σ 3 , σ 1 ) are symmetric in α and β. A vector can be represented by a symmetric bispinor and vice versa:
We use the following spinor summation convention:
where ψ and χ are anti-commuting Majorana spinors. In 1 + 2 dimensions the Fierz transformations are
There is another useful identity:
where ψ 1 , ψ 2 , and ψ 3 are arbitrary spinors. Finally, we define
A.2 SO(4) and SO(5) Gamma Matrices
A.2.1 SO(4) Gamma Matrices
We define the 4 sigma matrices as
by which one can establish a connection between the SU (2) × SU (2) and SO(4) group. These sigma matrices satisfy the following Clifford algebra:
We use antisymmetric matrices
to raise or lower un-dotted and dotted indices, respectively. For example, σ I †ȦB = ǫȦḂσ I †Ḃ B and σ IBȦ = ǫ BC σ I CȦ . The sigma matrices σ I satisfy the reality conditions
The antisymmetric matrices ǫ AB and ǫȦḂ satisfy the identities
(A.14)
A.2.2 SO(5) Gamma Matrices
Using (A.8), we define the first four SO(5) gamma matrices as 5
and define the fifth SO(5) gamma matrix as We use an antisymmetric matrix ω AB = −ω AB to lower and raise indices; for instance
It can be chosen as the charge conjugate matrix:
(Recall that A andḂ of the RHS run from 1 to 2.) By the definition (A.15) and the convention (A.18), the gamma matrix Γ I is antisymmetric and traceless, and satisfies a reality condition
The U Sp(4) generators are defined as
B A review of the N = 4 theory
In this appendix, we review the general N = 4 theory constructed in [2] . This theory was constructed by generalizing the N = 4 GW theory [1] to include twisted multiplets. So the theory contains both twisted and un-twisted multiplets. Both the twisted and untwisted multiplets are required to furnish quaternoinic representations of the gauge group. Generally speaking, the quaternoinic representation furnished by the twisted multiplets is not equivalent to the representation furnished by the untwisted multiplets. We denote the untwisted and twisted multiplets by (Z a A , ψ aȦ ) and (Z a ′ A , ψ a ′ A ), respectively. Here A,Ȧ = 1, 2 transform in the two-dimensional representation of the SU (2) × SU (2) R-symmetry group; a = 1, . . . , 2R transforms in a quaternionic representation of the gauge group, and a ′ = 1, . . . , 2S transforms in another quaternionic representation of the gauge group. The corresponding quaternionic forms are denoted as ω ab and ω a ′ b ′ , satisfying ω ab ω bc = δ c a and
We use the antisymmetric tensors ω to lower or raise the indices; for instance, τ m ab = ω ac τ mc b , where τ mc b are a set of representation matrices of the Lie algebra of gauge symmetry. The un-twisted multiplets (Z a A , ψ aȦ ) and twisted multiplets (Z a ′ A , ψ a ′ A ) satisfy the reality conditions:
where ǫ AB and ǫȦḂ are antisymmetric forms of the SU (2) × SU (2) R-symmetry group (see Appendix A.2.1).
To be compatible with the N = 4 supersymmetry, the representation matrices τ m ab and τ m a ′ b ′ of the gauge group are required to satisfy the fundamental identities
Following Ref.
[1], we define the "momentum maps" and "currents" as
Denoting the gauge fields as A m µ , the Lagrangian of the N = 4 CSM theory reads [2, 3] 
We have used the invariant form k ms on the Lie algebra of the gauge group to lower the indices of the structure constants: C mnp = k ms k nq C sq p . (We will also define τ m a b = k mn τ na b .) The N = 4 super Poincare transformations are given by
Here the parameters ǫ AḂ = ǫ I σ I AḂ (I = 1, . . . , 4) obey the reality conditions
The fundamental identities (B.2) can be converted into certain Jacobi identities of two superalgebras G and G ′ admitting quaternoinic structures [1] ; and the Lie algebra of the gauge symmetry is the bosonic parts of G and G ′ . More concretely , the Lie algebra of the gauge group is given by the bosonic subalgebra of the superalgebra
and the bosonic subalgebra of the superalgebra
(B.8) In order that there are physical interactions between the twisted and untwisted multiplets, the bosonic parts of the superalgebras G and G ′ are required to share at least one simple factor or U (1) factor [2, 3] . More precisely, decomposing M u and M u ′ as M u = (M α , M g ) and M u = (M α ′ , M g ), with M g the common generators, then the Lie algebra of the gauge symmetry is spanned by the generators [2, 3] 
In accordance with the decompositions of M u and M u ′ , we may decompose the quadratic forms and structure constants as follows
Let us now put (B.7) and (B.8) together:
It can be seen that the fundamental identities (B.2) are equivalent to the Q a Q b Q c and Q a ′ Q b ′ Q c ′ Jacobi identities of (B.13) [1] . The classification of the gauge groups can be found in [2, 3] . If the twisted and untwisted multiplets form the same representation of gauge group 6 , the N = 4 supersymmetry can be enhanced to N = 5 [13] .
C Derivation of the N = 4 Super Poincare Currents
In this Appendix, we will derive the N = 4 super Poincare currents by using the standard Noether method.
The super Poincare variation of the action (B.4) must take the form
if we allow the set of parameters ǫ I (I = 1, . . . , 4) to depend on the spacetime coordinates x µ , since the action is invariant under the supersymmetry transformations (B.5) for constants ǫ I . If the equations of motion are obeyed, the right hand side of (C.1) must vanish; Integrating by parts, we obtain
To derive j I µ , let us first calculate the super-variation of the Chern-Simons term in (B.4):
The variations of the kinematic terms of the Lagrangian (B.4) are give by
We have used the shorthand (δψ)
in (C.6), and used the shorthand (δψ)
in (C.7). Let us now consider the Yukawa terms. To simplify the expressions, we define
The Yukawa terms are given by the third and fourth lines of (B.4). Their super variations read
The potential of the theory is given by the last two line of (B.4). Its supersymmetry transformation reads
In deriving (C.16), we have used the identity
Eq. (C.17) was derived [6] by using the identity k mn τ m (ab τ n cd) = 0. There is a similar identity for the primed representation matrices τ m a ′ b ′ :
Combining every thing, we obtain the variation of the action
where we have dropped the total derivative terms. We have denoted the terms containing Dµj as O(Dµj), where D, µ, and j stand for the covariant derivative, "momentum map" and "current" operators (see (B.3)), respectively. The other terms have similar meanings.
For instance, O(νj) stands for the terms containing the "current" operator j and the quantity ν defined by the first equation of (C.10). The terms containing Dµj are given by the first term of the third line of (C.4), the fourth line of (C.7), and the second line of (C.11):
O(Dµ ′ j) are given by the first term of the third line of (C.5), the fifth line of (C.7), the seventh line of (C.13), and the second line of (C.15):
O(Dµj ′ ) are given by the second line of (C.13), the second line of (C.14), the last term of (C.4), and the fifth line of (C.6):
O(Dµ ′ j ′ ) are given by the last term of (C.5), the fourth line of (C.6), and the second line of (C.12):
O(νj) are given by the first term of (C.11) and the first term of the last line of (C.7):
O(ν ′ j) are given by the first term of the last line of (C.6), the sixth line of (C.13), and the first line of (C.14): O(µ ′ µj) are given by the last line of (C.16), the last two lines of (C.11), the last two lines of (C.13), and the third and fourth lines of (C.15):
O(µµj ′ ) are given by the fourth line of (C.16), and third line of (C.13), the last two lines of (C.14): O(µµ ′ j ′ ) are given by fifth line of (C.16), the last two lines of (C.12), the forth and fifth lines of (C.13), and the third and fourth lines of (C.14):
O(µ ′ µ ′ j) are given by the third line of (C.16), the eighth line of (C.13), and the last two lines of (C.15):
O(µ ′ µ ′ j ′ ) are given by the second line of (C.16) and the third line of (C.12):
Using the identities (B.2), (C.17), (C.18), and the identities in Appendix A, it is not difficult to prove that every quantity of the last three lines of (C.19) vanishes, i.e. O(Dµj) = · · · = O(µ ′ µ ′ j ′ ) = 0, or (C.20)= · · · =(C.33)= 0. As a result, only the first line of (C.19) remains: 
